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A three-column carousel process based on a pelletized form of CST powder was
designed to remo®e radioacti®e 137Csq from SRS nuclear wastes. A multicomponent
ion-exchange equilibrium model was used to generate cesium loading data, which were
fit to the Langmuir equation to obtain effecti®e single-component cesium isotherm pa-
rameters for representati®e wastes. Mass-transfer parameters were estimated by analyzing
breakthrough cur®es for two simulated wastes. Simulations based on a pore-diffusion
rate model were performed to determine the lengths of the mass-transfer zone for differ-
ent feed compositions and linear ®elocities. The length of a single segment in the carousel
process was the constant-pattern mass-transfer zone to ensure consistent high column
utilization during startup and cyclic steady state. Analysis of the dimensionless groups in
the mass balance equations re®ealed that the mass-transfer zone length is proportional
to the particle Peclet number. The proportionality constant is a function of the waste
composition and the Csq concentration in the waste. A higher distribution coefficient
and isotherm nonlinearity result in a smaller proportionality constant. With this analysis
designs can be easily adjusted for ®ariations in isotherms, feed concentration, particle
size, linear ®elocity, and intraparticle diffusi®ity.

Introduction

Over 100 million gallons of radioactive waste, generated by
nuclear reactors and weapon production plants, is now in un-
derground storage tanks at Dept. of Energy sites in Hanford,

ŽSavannah River, Oak Ridge, Idaho, and Fernald McGinnis
.et al., 1995 . The cost for treating this waste using current

Žtechnologies is estimated at 100 billion dollars McGinnis et
.al., 1995 . After the initial treatment, the waste in its final

form is proposed to be vitrified in borosilicate glass for per-
manent storage.

Several different approaches are currently under investiga-
tion for treating the supernatant before it is placed in long-

Ž .term storage McGinnis et al., 1995 . The present study is
Ž .focused on crystalline Silicotitanate CST ion exchange for

Correspondence concerning this article should be addressed to N.-H. L. Wang.

Ž .treatment of Savannah River Site SRS wastes. CST has a
high affinity for the major radioactive contaminant 137Csq.
Because the affinity is high, a large amount of 137Csq can be
confined within a small volume of saturated CST particles.
The cost of making glass canisters is expected to be quite
high, so it is important to utilize the CST exchanger as much
as possible. A continuous carousel process with three packed

Ž .columns in series is proposed Figure 1 . In step N of this
Ž .design the lead column A is saturated, the second column

Ž . Ž .B contains the mass-transfer zone, and the third column C
is a guard column. When the lead column is saturated, it is
taken off-line at step Nq1 for permanent storage and the
feed is introduced to what was previously the second column
Ž . Ž .B in the series. A fresh column D is introduced to the end
of the train and acts as the new buffer column. Another new
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Figure 1. Proposed carousel process.

Ž .column E can be added to the end of the series in step
Nq2. The carousel design allows the cesium level in the de-

Žcontaminated waste to be below the required levels less than
y6 3 q .1.3=10 kgrm Cs and allows almost full utilization of

Ž .the adsorbent Ernest et al., 1997 .
The CST ion exchanger in a powder form was developed at

Texas A&M University and Sandia National Laboratory
Ž .Anthony et al., 1993, 1994 . UOP later produced CST pellets
by mixing the CST powder with a binder. This binder makes
the CST feasible for column applications, but it is expected
to give the pellets a slightly lower effective capacity per unit

Ž .weight than the powder McCabe, 1995, 1997 . Prior to the
pelletized product IONSIV IE-911, UOP made a pre-produc-

Ž .tion lot IE-910 07398-38B , which was tested by DOE labs.
Subsequently, UOP offered IONSIV IE-911 for commercial
use. Several lots have been produced, sold, and tested.

Ž .Zheng et al. 1997 developed a detailed multicomponent
Žion-exchange model, the ZAME Zheng, Anthony, Miller

. qequilibrium model, that described the uptake of Cs on CST
powder in the presence of competing ions. They validated
the model by comparing its predictions to batch experimental
data. Equilibrium uptake of Csq on CST powder in the mul-
ticomponent SRS wastes is a complex function of the concen-
tration of each component in the mixture. The model takes
multicomponent competitive ion exchange into account. In
this work, the uptake of Csq predicted by the ZAME model
is correlated to an effective single-component Langmuir

Žisotherm for six representative SRS waste compositions Ta-
.ble 1 . The batch test data obtained for CST pellets can be

Žexplained by using the ZAME model predictions for CST
.powder multiplied by a dilution factor of 0.56 to 1.0, de-

pending on the waste composition, the lot of pellets, and the

Table 1. SRS Waste Simulant Compositions

3Ž .Concentration kmolrm

High High High High
Uy yU Uy yComponent Avg. Avg. OH OH NO NO3 3

qNa 5.6 5.47 5.6 5.48 5.6 5.45
qK 0.015 0.15 0.03 0.15 0.0041 0.15
qCs 0.00014 0.0007 0.00037 0.0007 0.00014 0.0007

yAlO 0.31 0.31 0.27 0.27 0.32 0.322
yC O 0.008 0.008 0.008 0.008 0.008 0.0082 4

2yCO 0.16 0.16 0.17 0.17 0.16 0.163
2yMoO 0.0002 0.0002 0.0002 0.0002 0.0002 0.00024

2ySiO 0.004 0.004 0.004 0.004 0.004 0.0043
2ySO 0.15 0.15 0.030 0.030 0.022 0.0224
3yPO 0.010 0.010 0.008 0.008 0.010 0.0104

yCl 0.025 0.025 0.010 0.010 0.040 0.040
yF 0.032 0.032 0.010 0.010 0.050 0.050

yNO 0.52 0.52 0.74 0.74 0.37 0.372
yNO 2.14 2.14 1.10 1.10 2.84 2.843
yOH 1.91 1.91 3.05 3.05 1.17 1.17

UBounding, or high Kq, waste.

equilibration time. This approach yields effective Csq

isotherms that are needed in a dynamic column model for
carousel designs.

Mass-transfer parameters are estimated by analyzing col-
umn saturation data from an SRS waste simulant and the

Žwaste from the Melton Valley Storage Tank W29 MVST-
.W29 at Oak Ridge National Laboratory. All of the MVST-

W29 experiments were performed using the same lot of CST
pellets and the same feed; only the linear superficial velocity,
column diameter, and column length were varied. Numerical
simulations based on a pore diffusion model are compared to

Ž .the experimental data, and the intraparticle diffusivity Dp
Ž 2 .m rs is adjusted to obtain effective D values for the SRSp
waste simulant and the MVST-W29 waste. The Stokes-Ein-
stein equation is shown to correlate the values of D for thep
two wastes, according to the viscosities of the wastes. For both
wastes, the model yields a close fit to the column data. The
MVST-W29 breakthrough curves can be well predicted using
the ZAME model with a dilution factor from 0.56 to 0.66.
The ZAME model with a dilution factor of 1.0 can explain
column data from the SRS.

The equilibrium parameters and mass-transfer parameters
determined from preliminary column tests are used in rate-
model simulations to obtain carousel designs for treating
large-scale SRS waste. The length of the mass-transfer zone
determines the required column length of each segment in a
three-segment carousel process. The mass-transfer zone is
defined as the length of column required to contain the Csq

concentration wave from 90% of the feed concentration to
y6 3 Ž .1.3=10 kgrm the required decontamination level . An

analysis of the dimensionless groups in the model shows
that for a given waste and cesium concentration, the mass-

Ž .transfer zone length normalized by the particle radius
depends only on the particle Peclet number. The proportion-
ality constant in this relationship is a function of the Csq

concentration and the waste composition. Using this linear
relationship, one can easily adjust the carousel column size
for changes in linear velocity, particle size, and intraparticle
diffusivity.
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This study establishes a model-based design approach that
is efficient and requires few experiments. This approach gives
carousel designs with high column utilization both during
startup and at cyclic steady state. This method can be applied
to the design of carousel ion-exchange processes for other
complex wastes.

Simulation Models, Parameters, and Assumptions
Pore diffusion model

The mathematical model utilized in the simulations is a
pore diffusion model that takes into account adsorption, bulk
convection, axial dispersion, film mass transfer, and pore dif-
fusion. Competitive adsorption is implicitly taken into ac-
count by means of an effective single-component isotherm.
The model is useful for validating isotherm and mass-transfer
parameters, and for exploring potential designs.

The numerical solutions of the governing equations and
boundary conditions are performed by the VERSE simula-

Ž .tion package Whitley, 1990; Berninger et al., 1991 . The
equations are solved by the method of orthogonal collocation
on finite elements in the spatial domain. The DASPK solver
is used to integrate in the time domain. This model has been

Žvalidated in many previous studies Ma et al., 1996; Ernest et
.al., 1997; Koh et al., 1998 . The model assumes uniform

spherical adsorbent particles, plug flow with constant linear
velocity, local equilibrium within the adsorbent, and constant
diffusivities.

The material balance in the mobile phase is given by

2 3k 1ye­ C ­ C ­ C Ž .f bb b b
<s E yu y C yCŽ .rsRb 0 b p p2­ t ­ z R e­ z p b

1Ž .

­ Cb
zs0, E su C yC tŽ .Ž .b 0 b f­ z

­ Cb
zs L , s0c ­ z
ts0, C sC zŽ .b b

Ž 3.where C is the mobile-phase concentration kgrm , t is timeb
Ž . Ž 2 .s , E is the axial dispersion coefficient m rs , z is the axialb

Ž .distance along the column m , u is the mobile-phase inter-0
Ž .stitial velocity mrs , k is the film mass-transfer coefficientf

Ž . Ž . <mrs , R is the particle radius m , and C is ther s Rp p p

Ž 3.pore-phase solute concentration at the surface kgrm .
In the pore phase, the material balance equation for a sin-

gle-solute system is

­ C D ­ C­ Q ­p p p2e q 1ye se r 2Ž .Ž .p p p 2 ž /ž /­ C ­ t ­ r ­ rrp

­ Cp
r s0, s0

­ r
­ Cp

r s R , e D s k C yCŽ .p p p f b p­ r
ts0, C sC rŽ .p p

Table 2. Dimensionless Parameters in the Pore
( )Diffusion Model Eqs. 3 and 4

Parameter Definition Description Value†
2X zD ru R Dimensionless 0 to 7.5p 0 p

axial distance
2 y4Y rD ru R Dimensionless 0 to 4.0=10p 0 p

radial distance
2t tD rR Dimensionless time G0p p

Ž .f 1ye re Particlerbulk phase 1.0b b b
ratio

Ž .f 1ye re Solidrpore phase ratio 3.2p p p
U 4L L rR Dimensionless column 1.8=10c p

length
Pe u R rE Convectionraxial 0.21a 0 p b

dispersion
3Pe u R rD Convectionrintraparticle 2.5=10p 0 p p

diffusion
Sh k R rD Film mass-transferr 82f p p

diffusion

†IDs1.22 m; L s 3.44 m; u s1.6=10y3 mrs; R s187.5 mm; D s1.2c 0 p p
=10y10 m2rs.

Ž 3.where C is the pore-phase concentration kgrm , Q is thep
Ž 3 .solid-phase concentration kgrm S.V. , r is the distance in

Ž .the radial direction m , and D is the intraparticle diffusivityp
Ž 2 .m rs .

For large-particle columns, such as the system under study
here, intraparticle diffusion is often the controlling mass-
transfer resistance. Therefore, it is useful to normalize the
differential mass-balance equations in terms of a characteris-

Ž 2 .tic diffusion time R rD and a characteristic convectionp p
Ž 2 .length u R rD during the diffusion time. Equations 1 and0 p p

2 and their boundary conditions can then be rewritten as fol-
lows in terms of the dimensionless quantities listed in Table
2.

Bulk phase

­ C 1 1 ­ 2C ­ Cb b b
<s y y3f Sh C yC 3Ž .Ž .Ys1rPeb b p p2­t Pe Pe ­ X­ Xa p

­ Cb
X s0, s Pe Pe C yC tŽ .Ž .a p b f­ X

UL ­ Cb
X s , s0

Pe ­ Xp

t s0, C sC XŽ .b b

Pore phase

­ C ­ C­ Q 1 1 ­p p21qf s Y 4Ž .p 2 2 ž /ž /­ C ­t ­ Y ­ YPe Yp p

­ Cp
Y s0, s0

­ Y
­ C1 p

Y s , s 1yf Pe Sh C yCŽ . Ž .p p b pPe ­ Yp

t s0, C sC YŽ .p p
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Figure 2. ZAME model of CsH uptake on CST powder
for SRS waste simulants.

Batch tests for determination of effecti©e CsH isotherms in
complex wastes

Figure 2 shows effective CsqrCST isotherms based on
ZAME model predictions for the SRS waste simulants in
Table 1. The wastes are complex multicomponent mixtures
and the ZAME model is able to predict to within "10% the
effective adsorption capacity of Csq at various Csq feed con-
centrations for typical Dept. of Energy waste simulants
Ž .Zheng et al., 1997 . ZAME model isotherms for different
waste compositions are fit to individual Langmuir isotherms

Ž .of the form Qs aCr 1q bC , which are implemented in the
rate model. The Langmuir isotherm parameters for the SRS
waste simulants and for MVST-W29 waste are listed in Table
3. It should be noted that the a values in Table 3 are listed in

Ž .terms of per solid volume S.V. in order to be compatible

Table 3. Langmuir Coefficients for Modeling SRS and
MVST-W29 Column Tests

3 3 3Ž . Ž .Waste a m rm S.V. b m rkg

SRS average 6,310 30.9
SRS average, bounding 4,010 19.8

ySRS high OH 7,630 37.6
ySRS high OH , bounding 5,150 25.3

ySRS high NO 5,340 26.33ySRS high NO , bounding 3,380 16.73
MVST-W29 2,230 11.9

Ž .with the model Eqs. 3 and 4 , whereas the Q values shown
in Figures 2 to 4 are in terms of per solid weight. A bed
density of 1,000 kgrm3 is used to convert between the two
bases.

Figure 3a shows the ZAME model predictions for the SRS
Ž .standard simulant on CST powder along with the batch test

Ž .data for this simulant on CST powder McCabe, 1995 and
Ž .CST pellets McCabe, 1997 . The experimental data for the

powder are in reasonable agreement with the model predic-
Žtions. The experimental data for the pellets IE-910 07398-

.38B can be explained by model predictions with a dilution
factor between 0.56 and 0.70. This dilution factor is taken
into account by multiplying the Langmuir a value in the ef-
fective isotherms by the same dilution factor. The maximum

Ž .capacity at high concentration of CST pellets is 56% of that
of the powdered form. The apparent dilution factor for the
pellet could be due to nonequilibrium data, since the samples
in the batch tests in Figure 3a were taken after 48 h. This
hypothesis is supported by batch test data obtained on a

Ž .slightly different waste SRS ‘‘Average’’ waste simulant by
Ž .Hunt et al. 1998 , shown in Figure 3b. The batch data col-

lected at 24 and 72 h are not at equilibrium, evident from the
Žtime-varying concentration. There is only a slight increase in

Q as C decreases due to the large concentration of Csq in
.the batch experiments. For these large particles, the equili-

Figure 3. Experimental CsHrrrrrCST isotherms for SRS waste simulants.
Ž . y 3a CST type: IONSIV IE-911 Lot 07398-38B. Feed: SRS high level waste, which is similar to ‘‘High OH ’’ waste but with 2.35 kmolrm

y 3 q Ž . qNO and 0.00024 kmolrm Cs ; b Cs rCST isotherms in SRS ‘‘Average’’ waste. Symbols denote batch samples taken at 24, 72, and 1683
h.
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bration time should be 168 h or more under the batch test
conditions.

Column tests for determination of mass-transfer parameters
and ©alidation of isotherm parameters

The isotherm data obtained from batch experiments and
the mass-transfer parameters determined from correlations
are validated with small- and large-scale column data from

ŽMelton Valley Storage Tank W29 Lee et al., 1997; Walker,
.Jr. et al., 1998 and small-scale column data from Westing-

Ž .house Savannah River Company Walker et al., 1998 .
Melton Valley Storage Tank W29 Tests. MVST-W29 waste

was used as the feed for several column saturation tests in
Ž .the Cesium Removal Demonstration CsRD runs at Oak

Ridge National Laboratory. In Figure 4, the ZAME model
for Csq uptake on CST powder in the MVST-W29 waste is
denoted by a solid line. All of the column data for MVST-W29
waste on CST pellets are well predicted by isotherm parame-
ters represented by the region between the two dotted lines
in Figure 4, which correspond to isotherms with maximum
capacities that are 56% and 66%, respectively, of that of the
CST powder. Since MVST-W29 waste is not a simulant, this
dilution factor could be due to the presence of competing

Ž .ions in the real waste such as Zn, Pb, and Ba that are not
considered in the ZAME model and other factors discussed
later.

When the equilibrium parameters are validated, the only
unknown in the analysis of the column tests is the mass-trans-
fer resistance. The Brownian diffusivity for MVST-W29 waste

Ž .is taken from the work of Ernest et al. 1997 . The film
Ž .mass-transfer coefficient k mrs is calculated from the cor-f

Ž .relation by Wilson and Geankoplis 1966 , and the axial dis-
persion coefficient E is calculated from the correlation byb

Ž .Chung and Wen 1968 . The intraparticle diffusivity D is thenp
fit to the small-scale column saturation data. Figures 5a to 5c
show the comparison of experimental data to simulation re-

Figure 4. CsHrrrrrCST isotherm for MVST-W29 waste.
Solid line denotes the ZAME model of Csq uptake on CST
powder. Dashed lines represent the upper and lower bounds
of isotherms that predict column data on pelletized CST in
MVST-W29 waste.

Figure 5. MVST-W29 small-scale column experiments
compared to simulation.

y10 2 Ž .D s1.7=10 m rs. ID s 0.0145 m. a L s 0.0610 m. up c s
y4 Ž . y5 Ž .s1.0=10 mrs; b L s 0.0759 m. u s 6.3=10 mrs; cc s

length: 0.140 m total for two columns. u s 2.3=10y4 mrs.s

sults for small-scale CsRD support runs by D. Lee. One could
use the 50% breakthrough point to determine effective
isotherm parameters, but this reference point is not repre-
sentative of the equilibrium retention time if the break-
through curve is asymmetric. The entire breakthrough curve
is well predicted using these isotherm and mass-transfer pa-
rameters, indicating that both sets of parameters are valid.

These parameters determined from the analysis of small-
scale experiments are then used to predict the large-scale
frontal data, and it is found that the large-scale breakthrough
curves are slightly more spread than predicted by the model.
Figures 6 and 7 show a comparison of experiment to simula-
tion for large-scale MVST-W29 column experiments. There
is some gap between the experimental data and the model
predictions using parameters from the small-scale experi-
ments. The column in Figure 6 was initially backwashed with
MVST-W29 supernate. Csq adsorbed on the binder or the
surface of the CST may have leached off the bottom of the
column. This may have resulted in high values of the Csq

concentration in the first few samples. There can also be more
dispersion in large columns than in small columns, perhaps
as a result of different packing procedures. As shown in Fig-
ure 6, an axial dispersion coefficient that is 100 times that
predicted by the Chung and Wen correlation can give closer
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Figure 6. MVST-W29 large-scale column experiment
compared to simulation.
D s1.7=10y10 m2rs. L s 0.538 m. ID s 0.30 m. u s 4.5=p c s
10y4 m3rs. The cases denoted by dilution factor 0.56 and
0.66 have E predicted by the Chung and Wen correlation.b
The high dispersion case has a dilution factor of 0.66 and
E s100 times the prediction by the Chung and Wen corre-b
lation.

agreement with the breakthrough data, especially at early
times. Another possibility is slow equilibration, which has a

Žsignificant effect at high linear velocity in Figure 6, u s9.0s
y4 . Ž y10=10 mrs . Simulations based on a smaller D 1.0=10p

2 . Ž .m rs are almost identical as the large E results not shown .b
At small contact times, the solute can have a smaller effective
capacity for the exchanger, which can lead to a low apparent

Ž .diffusion coefficient Whitley et al., 1993 . However, more
data at higher linear velocities are needed to confirm this
hypothesis.

Westinghouse Sa®annahRi®erCompany Tests. Since MVST-
W29 waste has a viscosity of 1.6 cp and SRS waste has a
viscosity of 2.2 cp, the value of D determined from thep
MVST-W29 column tests is not valid for designing columns
to handle SRS waste. According to the Stokes-Einstein equa-
tion, the diffusivity is inversely related to the solution viscos-

Figure 7. MVST-W29 large-scale two-column experi-
ment compared to simulation.
D s1.7=10y10 m2rs. Length: 1.08 m total for two columns.p
IDs 0.30 m. u s 9.0=10y4 mrs. See Figure 6 for an expla-s

Ž .nation of the high dispersion case. a Lead column effluent
Ž .history; b second column effluent history.

Figure 8. SRS column experiments compared to simu-
lation.

Ž .Feed: SRS ‘‘Average’’ simulant Table 1 . Dilution factor:
Ž . y5 Ž .1.0. a L s 0.10 m. ID s 0.015 m. u s 4.5=10 mrs; bc s

y4 Ž .L s 0.10 m. ID s 0.015 m. u s1.6=10 mrs; c L s 0.11c s c
m. IDs 0.014 m. u s 6.8=10y4 mrs.s

ity as follows:

k TB
Ds 5Ž .

6pmR0

Ž 2 .where D is the diffusivity m rs , k is Boltzmann’s constant,B
Ž . Ž .T is absolute temperature K , m is the viscosity kgrm ? s ,
Ž .and R is the solute radius m . According to Eq. 5, the in-0

traparticle diffusivity for SRS wastes is estimated to be 1.7=
y10 Ž . y10 210 = 1.6r2.2 s1.2=10 m rs. The Brownian diffusivity

is reduced by the same factor. The mass-transfer zone length,
as will be shown later, is inversely proportional to the intra-
particle diffusivity. Therefore, the mass-transfer zone length
is linearly proportional to viscosity. In Figure 8, one can see
that the intraparticle diffusivity corrected by the Stokes-Ein-

Ž .stein correlation solid line predicts the column data better
Ž .than the uncorrected diffusivity dashed line .

Preliminary column data have been obtained for SRS
Ž‘‘Average’’ waste simulant on CST pellets Walker et al.,

.1998b . The column experiments can be well predicted as-
suming a dilution factor of 1.0 and a D value of 1.2=10y10

p
m2rs. Figure 8 shows column effluent histories for three
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Žruns in laboratory-scale columns ;0.015 m in diameter and
.;0.10 m in length at three different linear superficial veloc-

Ž y5 y4 y4 .ities u s4.5=10 , 1.63=10 , and 6.8=10 mrs . Theres
is some gap between model and experiment in Figure 8a at
early times, but this is because the Csq concentrations at
these times is below the detection limit of the analytical
method. Because the ion exchanger cannot be regenerated by
practical means, the packing in each of these three column
tests may be slightly different. This can help explain why the
model predicts a slightly earlier breakthrough than the data
in Figure 8a and lags slightly behind the data in Figure 8c.
The isotherm parameters, mass-transfer model, and the cor-
relation of D using the Stokes-Einstein equation appear top
be valid over the linear velocity range from u s4.5=10y5 tos
6.8=10y4 mrs.

Column parameters
Ž .The particle size, interparticle void fraction e s0.50 , andb

Ž .intraparticle void fraction e s0.24 are based on the knownp
Ž .densities of the CST particles Huckman et al., 1999 . In the

mathematical model, it is assumed that all of the particles are
Ž .spherical and are of uniform size 375 mm in diameter . These

system parameters and the mass-transfer parameters above
are used in the design of large-scale carousel processes for
treating SRS wastes.

Design Approach
Determination of the constant-pattern mass-transfer zone
length

The first step in the design is to determine the constant-
pattern mass-transfer zone length, which is a function of the
isotherm parameters, Csq feed concentrations, mass-transfer
parameters, and linear velocity. The isotherm and mass-
transfer parameters used in this design are the same as those

Ž .used in the analysis of the SRS column data Figure 8 . A
dilution factor of 1.0 is assumed. The mass-transfer zone

length is examined at two different flow rates}9.5=10y4 and
1.6=10y3 m3rs, which correspond to two different superficial

Ž y4 y3 .velocities 8.2=10 and 1.4=10 mrs, respectively .
In determining the mass-transfer zone, which spans four

orders of magnitude of concentration, it is important to verify
the convergence of the numerical solution. For the column

Ž .profiles in this study, the column length 20 m is divided into
600 axial elements with four collocation points per element,
and the particle phase associated with each axial element is
represented by one element with four collocation points. For
time integration, which is performed by the DASPK package,
the absolute tolerance on local solutions is 10y7 kgrm3 and
the relative tolerance is 10y4. The step-size for time integra-
tion is determined by DASPK automatically. The user-de-
fined maximum step-size is set to 10 bed volumes. These nu-
merical parameters yield robust solutions. Simulations with
tighter numerical parameters}1,000 axial elements, six col-
location points per axial element, five collocation points per
particle element, an absolute tolerance of 5=10y8 kgrm3,
and a relative tolerance of 10y5 }when changed individually,
change the mass-transfer zone length by 1% or less.

Since the isotherm is nonlinear at the concentration level
Ž .in the SRS waste Figure 2 , each concentration wave eventu-

ally develops into a constant pattern. Numerical simulations
based on the validated rate model described in Eqs. 3 and 4
are employed to determine the design. A sufficiently long

Ž .column 20 m is chosen in these simulations so that the waves
can reach a constant pattern. Figure 9 demonstrates the
mass-transfer zone length determination. The length of the
mass-transfer zone is determined from the concentration
profile where the local concentration decreases from 90% of
the feed concentration to 1.3=10y6 kgrm3. It is assumed that
a constant pattern has been achieved when L changes byMTZ
less than 1% over 180 bed volumes. The feed compositions
are listed in Table 1. Note that the concentration of Csq and
the effective isotherm vary from waste to waste. For this
specification, the percent saturation in the lead column is

Figure 9. Mass-transfer zone length determination.
y10 2 Ž . y4 Ž . y3Feed: SRS ‘‘Average’’ simulant. D s1.2=10 m rs. L s 20 m. ID s1.22 m. a u s 8.2=10 mrs; b u s1.4=10 mrs.p c s s
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Table 4. Column Length Requirement for a Fixed
Column Diameter of 1.22 m

u uFlow Rate Ls 0SRS Waste MT Z
3 4 3 3Ž . Ž . Ž . Ž .Simulant m rs =10 mrs =10 mrs =10 Pe mp

3Average 9.5 0.82 1.6 2.50=10 3.4
316 1.4 2.7 4.16=10 5.7

U 3Average 9.5 0.82 1.6 2.50=10 1.6
316 1.4 2.7 4.16=10 2.7

y 3High OH 9.5 0.82 1.6 2.50=10 1.6
316 1.4 2.7 4.16=10 2.6

Uy 3High OH 9.5 0.82 1.6 2.50=10 1.4
316 1.4 2.7 4.16=10 2.3

y 3High NO 9.5 0.82 1.6 2.50=10 3.93
316 1.4 2.7 4.16=10 6.4

Uy 3High NO 9.5 0.82 1.6 2.50=10 1.83
316 1.4 2.7 4.16=10 3.0

SRS wastes are defined in Table 1.
UBounding, or high Kq, case.
R s187.5 mm; D s1.2=10y10 m2rs; dilution factor: 1.0.p p

Žmuch higher than 90% the target for large-scale applica-
.tions . Clearly, the mass-transfer zone length L increasesMTZ

with increasing column length and reaches a maximum value
when a constant pattern develops.

If one chooses the constant-pattern L to be the seg-MTZ
ment length in a carousel, the design is straightforward. A
three-segment carousel has a total length of 3L . TheMTZ
choice of constant-pattern L to be the segment lengthMTZ
will ensure high column utilization, during the startup period
and at cyclic steady state. The percent sorbent utilization in

Ž .the lead column saturation zone will satisfy the specifica-
tion of a 90% or higher utilization. VERSE simulations, in
which discontinuities due to port switching can be taken into
account, are employed to confirm the validity of this ap-
proach as discussed below.

Carousel designs for a fixed column diameter
For practical applications, a column diameter of about 1.22
Ž . Ž .m 4 ft and a segment length of 4.88 m 16 ft or smaller are

desired. Table 4 lists the column length requirements for the
six SRS waste simulants when the column diameter is fixed at
1.22 m. For each isotherm, we have determined the mass-

y4 3 Žtransfer zone lengths for two flow rates, 9.5=10 m rs 15
. y3 3 Ž .galrmin and 1.6=10 m rs 25 galrmin , by the procedure

outlined above.
In determining the length of an individual segment of a

carousel bed, simulations of a single column are used. As a
check on the design approach, carousel simulations that take
into account concentration discontinuities between columns
are carried out. The simulations take into account disconti-
nuities in concentration that occur between columns at the
time of port switching, whereas in the design step these dis-
continuities are neglected. In the carousel process simula-
tions, the port switching occurs when the outlet concentra-
tion of the second column reaches 1.3=10y6 kgrm3. At this
time, the first column is taken off-line, the feed is introduced
into the second column, and a fresh column is introduced at

Ž .the end of the train as a guard column .

Table 5. System and Mass-Transfer Parameters Used
in Carousel Simulations

Value at Value at
y4 y39.5=10 1.6=10

3 3Parameter m rs m rs Source
Ž .ID m 1.2 1.3
Ž .L m 3.44 4.88c

Switching 74 73
Ž .time d

Ž . Ž .R mm 187.5 187.5 McCabe 1995p
Ž .e 0.50 0.50 Huckman et al. 1999b
Ž .e 0.24 0.24 Huckman et al. 1999p

` 2 y9 y9Ž . Ž .D m rs 1.6=10 1.6=10 Ernest et al. 1997
2 y10 y10Ž .D m rs 1.2=10 1.2=10p

y5 y5Ž .k mrs 5.27=10 5.95=10 Wilson-Geankoplisf
Ž .1966

2 y6 y6Ž .E m rs 1.47=10 2.12=10 Chung and Wenb
Ž .1968

% Utilization 99 99

For the ‘‘Average’’ waste, a throughput of 9.5=10y4 m3rs
requires a three-column carousel that is 1.22 m in diameter
and 3.44 m in segment length, while a throughput of 1.6=
10y3 m3rs requires a carousel that is 1.3 m in diameter and
4.9 m in segment length. The operating parameters for such
processes are listed in Table 5. Figure 10 shows the simulated
concentration histories at the outlet of each column in a typi-
cal carousel process operated at 9.5=10y4 m3rs. Note that
the outlet concentration of column 2 reaches the specified
value of 1.3=10y6 kgrm3 at the port switching time. The

Ž .outlet concentration of column 3 the guard column is too
low to be seen in this figure. Figure 10 also shows that cyclic
steady state is established after about three switching peri-
ods. The column utilization is calculated as

Figure 10. Simulated CsH concentration histories at
each outlet port in a three-column carousel
process.
The outlet concentration of the third column is below 10y7

kgrm3. Feed: SRS ‘‘Average’’ simulant. D s1.2=10y10
p

m2rs. Length: 10.3 m total for three columns. ID s1.22 m.
u s 8.1=10y4 mrs.s
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LcC z dzŽ .H b
0utilization s =100% 6Ž .

L Cc f

The utilization of the lead column is about 99.8% before cyclic
steady state is established and 99.2% at cyclic steady state.
This result indicates that by choosing the constant-pattern
L , one can ensure high utilization during startup and af-MTZ
ter cyclic steady state is established. It is apparent from Fig-
ure 10 that the constant-pattern mass-transfer zone length
determined from the single long column can be used as the
single-segment length in a three-segment, discontinuous
carousel process.

Analysis of mass-transfer zone length and its relation to
particle Peclet number and isotherm nonlinearity

By examining the differential mass balance equations and
Ž .boundary conditions Eqs. 3 and 4 , one expects that the con-

centration profile or dimensionless mass-transfer zone length
L rR at constant pattern is a function of the dimension-MTZ p

Ž U .less groups of the equations L , f , f , Sh, Pe , and Pe ,b p a p
the isotherm parameters, and the feed concentration of Csq.

Ž .For a sufficiently long column L rR )1,000 at a relativelyc p
Ž y4 .high linear velocity u )5=10 mrs , wave spreading is0

controlled by intraparticle diffusion. Therefore, L rR isMTZ p
expected to be only a function of Pe for a given waste. Thisp
relationship can be summarized as

LMTZ
A Pe or L A R Pe 7Ž .p MTZ p pRp

Equation 7 states that the length of the mass-transfer zone is
directly proportional to the linear velocity and the square of
the particle radius, and that it is inversely proportional to the
intraparticle diffusivity. This relationship can be explained as
follows. If intraparticle diffusion is the rate-controlling step,
a characteristic diffusion time is R2rD . During the diffusionp p
time, convection can spread a concentration wave over a
distance of u R2rD . Therefore, L is proportional to0 p p MTZ
R Pe .p p

Figure 11a shows the relationship between the dimension-
less mass-transfer zone and the Peclet number. The slope of
the line in each case depends on both the waste type and the
cesium concentration. By changing the composition of the
non-Csq components, one can change the viscosity and the
intraparticle diffusivity. Figure 11a provides a convenient es-

Ž .timate of L or carousel size when R , D , or u isMTZ p p 0
varied.

The slopes of straight lines in Figure 11a are different for
the different wastes because of different degrees of isotherm
nonlinearity. To show the effects of isotherm nonlinearity
Ž .bC on L , the results in Figure 11a are compared withf MTZ
the predictions from an analytical solution for constant pat-
tern waves obtained from a linear driving force model
ŽMichaels, 1952; Hall et al., 1966; Garg and Ruthven, 1973;

.Ruthven, 1984; Wankat, 1994 . In this model, all resistances
are lumped into an overall mass-transfer coefficient K , whichf
is assumed to be a constant. The differential mass balance
for the particle phase in the linear driving-force model can

Figure 11. Analysis of dimensionless groups.
Ž . Ža Dimensionless mass-transfer zone length calculated by

.the pore diffusion model as a function of the Peclet num-
Ž .ber; b comparison of scaled mass-transfer zone length as

calculated by the pore diffusion model and the constant-
Ž . Ž .pattern linear driving force CP-LDF solution; c effec-

Ž .tive K ratio as a function of isotherm nonlinearity bC .f f

March 2000 Vol. 46, No. 3 AIChE Journal560



be written as follows

­ Qp Us K C yC 8Ž .Ž .f b b­ t

The term CU represents the bulk-phase solute concentrationb
in equilibrium with the particle-phase concentration, and K f
represents the lumped mass-transfer coefficient. For linear

Ž .isotherm systems, this can be expressed as Ruthven, 1984

R R21 E 1ye p pb b
s q q 9Ž .2 ž /K e 3k 15e Duf b f p p0

If intraparticle diffusion is controlling, only the last term in
Eq. 9 is important. Integrating Eq. 8 between the low-con-
centration end of the constant-pattern wave C sf C , and1 1 f
the high-concentration end C sf C , and multiplying by the2 2 f
shockwave velocity, yields the L for a constant-patternMTZ

Ž Ž . .wave in a column that is initially clean that is, C 0, z s0b

au 1p0
L sMTZ a1ye ž / ž /1q bC Kpb f f1q

e 1q bCb f

1 f 1yf fŽ .2 1 2
= ln qln 10Ž .ž /ž /bC f 1yf fŽ .f 1 2 1

The Appendix provides the details of this derivation. In the
present system f s0.90 and f can take on values from2 1
1.4=10y5 to 7.0=10y5 depending on the feed concentra-
tion.

If one defines the distribution coefficient at the feed con-
f Ž .centration as K s a r 1q bC , then Eq. 10 can be rewrit-d p f

ten as

u K f 10 d
L sMTZ 1ye ž /Kb ff1q K deb

1 f 1yf fŽ .2 1 2
= ln qln 11Ž .ž /ž /bC f 1yf fŽ .f 1 2 1

In general, Eq. 11 states that L is a complex function ofMTZ
f Ž .K , the zone definition f , f , and the isotherm nonlinear-d 1 2
Ž . fity bC . One can see from Eq. 11 that when K <1, Lf d MTZ

is directly proportional to K f . When K f 41, the influenced d
of K f is less significant because K f in the numerator of Eq.d d
11 cancels with K f in the denominator. Because the presentd
system has K f ;1,000 it is expected that K f is relativelyd d
unimportant in the determination of L . The influence ofMTZ
f and f is straightforward: a higher value of f or a lower1 2 2
value of f results in a larger L . As isotherm nonlinear-1 MTZ

Ž .ity bC increases, the term 1rbC in Eq. 11 decreases, re-f f
sulting in a corresponding decrease in L .MTZ

If one defines the following dimensionless variables

u 1sh
s 12Ž .a1yeu pb0 1q

e 1q bCb f

a 1 f 1yf fŽ .p 2 1 2
c s ln qln 13Ž .ž / ž /ž /1q bC bC f 1yf fŽ .f f 1 2 1

LMTZUL s 14Ž .MTZ R Pep p

then Eq. 11 becomes

D c up shUL s 15Ž .MTZ 2ž / uR K 0p f

A plot of LU vs. c u ru should yield a straight lineMTZ sh 0
with a slope of D rR2 K if K is a constant. The solutionsp p f f
based on Eqs. 9 and 15 can be compared to the numerical
solutions obtained from the more detailed pore diffusion

Ž . Žmodel Figure 11b . Both models yield similar trends as
.isotherm nonlinearity increases, L decreases . Note thatMTZ

the data shown in Figure 11b are pore diffusion model re-
sults calculated from different wastes, which have different a,
b, C , f , and f values. If the equivalent K is constant, allf 1 2 f
of the points in Figure 11b should fall on a single straight
line. However, the results in Figure 11b indicate that the pore
diffusion model gives a smaller LU than predicted fromMTZ

Ž .Eqs. 9 and 15. Moreover, as the isotherm nonlinearity bCf
increases, the equivalent K from the pore diffusion modelf
increases from 15 to 120% of the K values from Eq. 9. Inf
Figure 11c, the ratio of the effective K calculated fromf
VERSE simulations to the K calculated from Eqs. 9 and 15f
is shown to be a function of bC . The y-intercept based on af
least-squares fit to this correlation is 1.0, which indicates that

Žthe two models give the same solution in the linear limit bCf
.™0 .

The differences between the two models for nonlinear sys-
tems can be explained by the different assumptions for the
two models. The constant pattern solution of the linear driv-

Ž .ing force model is based on the assumptions that: 1 there is
Ž .no concentration gradient within particles; 2 the distribu-

tion coefficient between the bulk and the particle phase is
f Ž .fixed at the K value at the feed concentration K ; and 3d d

K is a constant and can be estimated from the equation forf
Ž .linear isotherm systems Eq. 9 . In contrast, the pore diffu-

sion model takes into account the concentration gradients
within particles. Since the distribution coefficient increases
as the concentration decreases within the particles, the aver-
age K within the mass-transfer zone is greater than K f andd d
a higher driving force can exist between the bulk and the
particle phases than the linear driving force model predicts.
As a result, the breakthrough curves are sharper and a higher
equivalent K is obtained from the porous model.f

Figures 11b and 11c provide an estimate of LU whenMTZ
Ž . Ž .isotherm a, b , feed concentration C , particle size, flowf

Ž .rate, and zone definition f , f are varied. For a given feed1 2
concentration, Figure 11c can be used to determine the
equivalent K value to be used in the constant pattern solu-f
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tion. Then, for specified isotherm parameters, mass-transfer
zone definition, particle size, intraparticle diffusivity, and flow
rate, Figure 11b can be used to determine L .MTZ

Carousel designs for a fixed column length
For the six different SRS waste simulants, if the column

Ž .diameter is fixed at 1.22 m, the segment lengths or LMTZ
are less than 4.88 m with two exceptions: the cases with 1.6=
10y3 m3rs for the ‘‘Average’’ waste and the ‘‘High NOy’’3

Ž .waste Table 5 . For these two wastes and others, we investi-
Žgate the designs with a fixed segment length of 4.88 m and a

diameter that is large enough to handle the two desired feed
.flow rates . The results are reported in Table 6. When the

segment length is fixed at 4.88 m, this implies that L isMTZ
fixed at 4.88 m for all the different feeds; the linear velocity
u is varied to achieve this goal. The u values are deter-0 0
mined by finding the Peclet number in Figure 11a that gives
L s4.88 m for a given SRS waste composition. ColumnMTZ
diameters that can handle 9.5=10y4 and 1.6=10y3 m3rs are

Ž .calculated according to a given u Table 6 . Notice that for a0
given feed, the linear velocity is kept the same for the two
volumetric flow rates. A change in the column diameter al-
lows for a change in the volumetric flow rate. Since L isMTZ
proportional to u R2rD , the throughput per bed volume0 p p
Ž . 2u rL is proportional to D rR and independent of u .0 MTZ p p 0
For this reason, for a given waste composition, designs for a

Ž .fixed column diameter Table 4 or a fixed column length
Ž .Table 6 have the same throughput per bed volume.

Design alternati©es
There are many alternative carousel designs that can meet

SRS waste treatment requirements. The sizes of the carousel
columns in Tables 4 and 6 are estimated based on a fixed
diameter for Case 1, a fixed segment length for Case 2, and

Ž . qthe following assumptions: 1 The effective Cs isotherms
of the wastes can be predicted by using the ZAME model

Ž . y10with a dilution factor of 1.0; 2 the D value is 1.2=10p
2 Ž .m rs for all wastes; 3 the L is defined as the length inMTZ

Table 6. Column Diameter Requirement for a Fixed
Column-Segment Length of 4.88 m

u uFlow Rate IDs 0SRS Waste
3 4 3 3Ž . Ž . Ž . Ž .Simulant m rs =10 mrs =10 mrs =10 m

Average 9.5 1.2 2.4 1.0
16 1.2 2.4 1.3

UAverage 9.5 2.5 5.0 0.70
16 2.5 5.0 0.91

yHigh OH 9.5 2.6 5.1 0.67
16 2.6 5.1 0.88

UyHigh OH 9.5 2.9 5.8 0.64
16 2.9 5.8 0.82

yHigh NO 9.5 1.0 2.1 1.03
16 1.0 2.1 1.4

UyHigh NO 9.5 2.2 4.4 0.733
16 2.2 4.4 0.94

UBounding, or high Kq, case.
R s187.5 mm. D s1.2=10y10 m2rs.p p

Table 7. Comparison of Carousel Configurations with
Varying Numbers of Segments

No. of Total Bed Relative Guard Column No. of
Segments Length Throughput Length Valves

3 3 L 1 L 3MT Z MTZ
4 2 L 1.5 0.50 L 4MT Z MTZ
5 1.67 L 1.8 0.33 L 5MT Z MTZ
6 1.5 L 2.0 0.25 L 6MT Z MTZ

Column cross-sectional and flow rate are fixed.

which C decreases from 0.9C to 1.3=10y6 kgrm3. Thisb f
definition results in 99.8% utilization during startup and
99.2% at cyclic steady state. One can choose a shorter LMTZ
if a lower percent utilization of the lead column is desired or
the level of Csq in the effluent of column 2 can be higher

y6 3 Ž .than 1.3=10 kgrm ; 4 three columns are used for purifi-
cation: the lead column is for saturation, the second column
is to contain the mass-transfer zone, and the third column is
a guard column. Each column length is the same as the
mass-transfer zone length.

Alternatively, the mass-transfer zone can be spread among
two columns, thus halving the size of each column in the
process. The saturation zone and the guard zone decrease in

Ž .length by half , while the mass-transfer zone length remains
fixed, leading to a shorter overall bed length. Table 7 com-
pares the performances of carousel processes with three, four,
five, and six column segments. One can see that on increas-
ing the number of segments from three to four there is a 50%
gain in the throughput per bed volume and a 33% decrease
in the bed length. However, there is also a 50% smaller guard
column and one more valve. These factors need to be taken
into account in future cost analyses and process optimization
studies.

Conclusions
A model-based approach has been developed to design a

CST carousel ion-exchange process for removing cesium from
Savannah River Site wastes. Batch equilibrium data have been
correlated using a detailed ion-exchange model for CST pow-

Ž .der ZAME model . The ZAME model predictions have been
fit to the Langmuir equation to obtain effective cesium
isotherms for six representative SRS waste compositions. For
CST pellets in simulated SRS wastes, a dilution factor of 1.0
can fit the batch test data obtained at 168 h and column data
at these different velocities. For MVST-W29 waste, which
contains many contaminants that are not present in waste
simulants, a dilution factor of 0.56 to 0.66 is needed in order
to fit the column data. Axial dispersion and film mass-trans-
fer coefficients are calculated from well-known correlations,
and the intraparticle diffusivity is determined by fitting rate
model predictions to MVST-W29 and SRS column data. The
intraparticle diffusivities for the two wastes can be well corre-
lated by the Stokes-Einstein equation. The effective isotherm
approach and the isotherm and mass-transfer parameters
have been validated with column data from MVST-W29 waste
and SRS waste over a range of linear velocities from 4.5=
10y5 to 9.0=10y4 mrs, column diameters from 0.0145 to 0.30
m, and column lengths from 0.0610 to 1.08 m.
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In the design of the carousel process, the length of a single
column segment is determined from the length of the con-
stant-pattern mass-transfer zone at a given linear velocity. The
mass-transfer zone is defined as the length of column re-
quired to contain the Csq concentration wave from C sb
0.9C to C s1.3=10y6 kgrm3 after a constant-pattern wavef b
is developed. This study shows that the estimated carousel
sizes are most sensitive to the effective cesium isotherms and
the intraparticle diffusivities. An analysis of the dimension-
less groups in the differential mass balance equations reveals
that the normalized constant-pattern mass-transfer zone
length is proportional to the particle Peclet number. The pro-
portionality constant is a function of the waste composition
and the Csq concentration. Increasing isotherm nonlinearity
Ž .higher concentration or higher Langmuir b value leads to a
shorter mass-transfer zone as a result of thermodynamic
sharpening effects. This trend agrees with the analytical solu-
tions of constant-pattern waves based on a linear driving force
model. The equivalent K calculated from the results of thef
pore diffusion model is a function of isotherm nonlinearity.
The relationships shown in Figure 11 allow one to adjust
carousel designs for variations in isotherms, feed concentra-
tions, particle size, linear velocity, and intraparticle diffusiv-
ity.
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Notation
asLangmuir coefficient based on solid volume, m3rm3

S.V.
a s Langmuir coefficient based on particle volume,p

3 3 Ž .m rm P.V. Eq. A2
bsLangmuir coefficient, m3rkg

CP-LDFsconstant pattern linear driving force
CsRDsCesium Removal Demonstration

CSTscrystalline silicotitanate
D`s Brownian diffusivity, m2rs

Fs volumetric flow rate, m3rs
IDscolumn inner diameter, m

Ž . 3 3K sdistribution coefficient, a r 1q bC , m rm P.V.d p b
K fsdistribution coefficient of the feed concentration,d

m3rm3 P.V.
L scolumn length, mc

MVST-W29sMelton Valley Storage Tank W29
u sshock-wave velocity, mrssh
V scolumn volume, m3

c
ZAME modelsZheng, Anthony, Miller equilibrium model

e sbed void fraction, dimensionlessb
e s intraparticle void fraction, dimensionlessp

Dimensionless ©ariables
U Ž .L s L rR dimensionless column lengthc p

U ŽL s L rR Pe dimensionless mass-transfer zoneMTZ MTZ p p
.length

Ž .Pe su R rE axial Peclet numbera 0 p b
Ž .Pe su R rD particle Peclet numberp 0 p p
Ž .Shs k R rD film mass-transfer numberf p p
2 Ž .Xs zD ru R dimensionless axial positionp 0 p
2 Ž .Ys r D ru R dimensionless radial positionp 0 p

2 Ž .ts t D rR dimensionless timep p
Žf sC rC normalized low-concentration end of mass-1 1 f

.transfer zone
Žf s C rC normalized high-concentration end of2 2 f

.mass-transfer zone
Ž . Ž .f s 1ye re particlerbulk phase ratiob b b
Ž . Ž .f s 1ye re solidrpore phase ratiop p p

Ž .cscut factor in the constant-pattern solution Eq. 13
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Appendix: Constant-Pattern Solution for the Linear
Driving Force Model and Definition of Parameters

If it is assumed that the shockwave velocity is constant and
equal to the velocity of the feed concentration, then one may

Ž .write Wankat, 1994

Q Q ap p , f p
s s A1Ž .

C C 1q bCb f f

Ž 3where Q represents the particle-phase concentration kgrmp
.P.V. and Q represents the particle-phase concentration inp, f

Ž 3.equilibrium with the feed concentration C kgrm . Q dif-f p
fers from the variable Q in Eqs. 1 to 4 in that Q considersp
the solute concentration in the pore and solid phases, whereas
Q takes into account only the solute that is in the solid phase.
Q is a function of C ; Q is a function of C . The value of ap b p p
is therefore defined in terms of the particle volume, which is
different from the value of a reported previously in this work

a se 1q bC q 1ye a A2Ž .Ž . Ž .p p f p

Integrating Eq. 8 between C sf C and C sf C yields1 1 f 2 2 f
an expression for the difference in time between the high-
and low-concentration ends of the mass-transfer zone with
respect to a stationary observer for an initially clean column

a1 1 f 1yf fŽ .p 2 1 2
D ts ln qln A3Ž .ž /ž /K 1q bC bC f 1yf fŽ .f f f 1 2 1

The constant-pattern wave travels at the shockwave velocity
of the feed concentration, which is given by the following
equation

u0
u s A4Ž .sh DQ1ye pb

1q
e DCb b

where

DQ ap p
s A5Ž .

DC 1q bCb f

for an initially clean column subjected to a step-change to
C . Since L su D t, combining Eqs. A3 and A4 yieldsf MTZ sh
the length of the mass-transfer zone

au 1 p0
L sMTZ a1ye ž /ž /K 1q bCpb f f1q

e 1q bCb f

1 f 1yf fŽ .2 1 2
= ln qln A6Ž .ž /ž /bC f 1yf fŽ .f 1 2 1

The analytical solutions to the linear driving force model can
be recast as dimensionless groups by multiplying both sides
of Eq. A6 by D ru R2

p 0 p

D aL 1p pMTZ
s 2 a1ye ž /ž /R Pe 1q bCR K pbp p fp f 1q

e 1q bCb f

1 f 1yf fŽ .2 1 2
= ln qln A7Ž .ž /ž /bC f 1yf fŽ .f 1 2 1

If one defines the following dimensionless variables

u 1sh
s A8Ž .a1yeu pb0 1q

e 1q bCb f

a 1 f 1yf fŽ .p 2 1 2
c s ln qln A9Ž .ž / ž /ž /1q bC bC f 1yf fŽ .f f 1 2 1

then it is clear that a plot of L rR Pe vs. c u ru shouldMTZ p p sh 0
yield a straight line with a slope of D rR2 K .p p f
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